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In this work, we consider the classes of p-valent analytic functions with bounded radius
and bounded boundary rotations. The results proved are sharp and improve some of the
known results to a generalized form. We also solve completely an open problem posed by
Nunokawa et al. (2007) [5] as a special case of our main result.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
LetA(p) denote the class of functions f (z) normalized by
f (z) = zp +
∞−
n=p+1
anzn, (p ∈ N = {1, 2, . . .}) (1.1)
which are analytic in the open unit disk E = {z : |z| < 1}.
A function f ∈ A(p) is said to be in the class S⋆(p, α) if it satisfies
Re
zf ′(z)
f (z)
> α for some α (α < p), z ∈ E.
We note that the class S⋆(p, α), for 0 ≤ α < p, is the class of p-valently starlike functions of order α. Also S⋆(1, α) ≡ S⋆(α)
is the class of univalent starlike functions of order α; see [1].
Similarly, f ∈ A(p) is said to be in the class C(p, α) of p-valently convex functions of order α (0 ≤ α < p) in E if and
only if
1+ Re zf
′′(z)
f ′(z)

> α.
It is easy to see that
f ∈ C(p, α)⇐⇒ zf
′
p
∈ S⋆(p, α)
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and C(1, 0) ≡ C is the well-known class of convex univalent functions.
Let Pk(α) denote the class of functions h : E −→ C, analytic in E, satisfying the properties h(0) = p and∫ 2π
0
Reh(z)− αp− α
 dθ ≤ kπ, ∀z = reiθ ∈ E, k ≥ 2, 0 ≤ α < p.
The class Pk(α), for p = 1, has been introduced in [2] and, for α = 0, p = 1, we have the class Pk defined and studied in [3].
With α = 0, k = 2, p = 1, we obtain the class P of functions with positive real part and the class P2(α) ≡ P(α) consists
of functions with positive real part greater than α. For k > 2, the functions in Pk may not have positive real part.
It is easy to see that for h ∈ Pk(α), we can write
h(z) = (p− α)h1(z)+ α, h1 ∈ Pk. (1.2)
It is shown in [2] that, for h ∈ Pk, we can write
h(z) =

k
4
+ 1
2

h1(z)−

k
4
− 1
2

h2(z), h1, h2 ∈ P. (1.3)
We now give:
Definition 1.1. Let f ∈ A(p). Then
f ∈ Rk(p, α) if and only if zf
′
f
∈ Pk(α), for z ∈ E.
For p = 1 and α = 0, the class Rk(1, 0) reduces to the class Rk of functions with bounded radius rotation; see [1]. Also
R2(p, α) ≡ S⋆(p, α).
Definition 1.2. Let f ∈ A(p). Then
f ∈ Vk(p, α)⇐⇒

zf ′
′
f ′
∈ Pk(α), z ∈ E.
It is easy to see that
f ∈ Vk(p, α)⇐⇒ zf
′
p
∈ Rk(p, α). (1.4)
For p = 1 and α = 0, Vk(1, 0) ≡ Vk is the well-known class of functions with bounded boundary rotation; see [1]. Also
V2(p, α) ≡ C(p, α).
We shall need the following result.
Lemma 1.1. Let β > 0, (β + γ ) > 0 and α ∈ [α0, 1), where α0 = max

β−γ−1
2β ,
−γ
β

. Let Hi(z) be analytic in E with
Hi(0) = p. If
Re

Hi(z)+ zH
′
i (z)
βHi(z)+ γ

> α,
then, for |z| ≤ r < 1,
Re{Hi(z)} ≥ q(−r)
= (β + γ )
2F1

2β(1− α); 1;β + γ + 1; r1+r

β
− γ
β
, (1.5)
where 2F1 denotes Gaussian hypergeometric function. The bound (1.5) is sharp and we have
δ(α;β, γ ) = min|z|=1 Req(z) = q(−1)
= β + γ
2F1

2β(1− α); 1;β + γ + 1; 12

β
− γ
β
, (1.6)
where
q(z) = 1
βg(z)
− γ
z
, (1.7)
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with
g(z) =
∫ 1
0
[
1− z
1− tz
]2β(1−α)
t(β+γ−1)dt.
Lemma 1.1 is a slightly modified interpretation of a result proved in [4, p. 113].
2. The main results
Theorem 2.1. Let f ∈ Rk(p, α). Then F defined by
F(z)
p+ 1 =
∫ z
0
f (t)dt (2.1)
belongs to Rk(p+ 1, δ), 0 ≤ δ = (δ∗ + 1) < p+ 1, and δ∗ is given by
δ∗ = δ∗(α) =

α(2α − 1)
2

2−2α + α− − 1, if α ≠ 12 , α ≠ 0
1
2(1− ln 2) − 1 = 0.629, if α =
1
2
1
2(2 ln 2− 1) − 1 = 0.294 if α = 0.
(2.2)
The values of δ∗ in (2.2) are best possible.
Remark 2.1. Geometrically Theorem 2.1 implies that under the integral operator (2.1), the p-valent class Pk(p, α) is mapped
to a smaller (p+ 1)-valent class.
Remark 2.2. For k = 2, Theorem 2.1 solves completely the open problem given in [5].
Proof. Let
zF ′(z)
F(z)
= h(z).
We note that h is analytic in E and h(0) = p+ 1. From (2.1), we have[
h(z)+ zh
′(z)
h(z)
− 1
]
= zf
′(z)
f (z)
∈ Pk(α).
Let
H(z) = (h(z)− 1) =

k
4
+ 1
2

H1(z)−

k
4
− 1
2

H2(z). (2.3)
Then H is analytic in E and H(0) = p. We have[
(h(z)− 1)+ zh
′(z)
h(z)
]
=
[
H(z)+ zH
′(z)
H(z)+ 1
]
∈ Pk(α). (2.4)
Define
Φ(z)
zp−1
=
[
1
2
z
1− z +
1
2
z
(1− z)2
]
.
Then, using convolution techniques [6] together with (2.3), we have[
H(z) ⋆
Φ(z)
zp
]
=
[
H(z)+ zH
′(z)
H(z)+ 1
]
=

k
4
+ 1
2
[
H1(z)+ zH
′
1(z)
H1(z)+ 1
]
−

k
4
− 1
2
[
H2(z)+ zH
′
2(z)
H2(z)+ 1
]
, (2.5)
where the symbol ⋆ denotes the convolution (Hadamard product) and Hi(z) are analytic in E with Hi(0) = p, i = 1, 2.
Now, from (2.4), (1.2) and (1.3), it follows that
Hi + zH
′
i
Hi + 1

∈ P(α), i = 1, 2. (2.6)
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Applying Lemma 1.1 to (2.6) with β = γ = 1, we obtain Re{Hi(z)} > δ∗, where δ∗ can easily be obtained from (1.6) and
(1.7) with some computations.
Hence, from (2.4)–(2.6), it follows that
H(z) = (h(z)− 1) ∈ Pk(δ∗).
This implies that
h(z) = zF
′(z)
F(z)
∈ Pk(δ), δ = (δ∗ + 1), 0 ≤ δ < p+ 1.
The extremal functions q0(z) given as below:
q0(z) =

2α(2α − 1)z2
(1− z) (1− z)1−2α + (2α − 1)z − 1 , if α ≠ 12 , α ≠ 0
z2
(z − 1) [log(1− z)+ z] , if α =
1
2
z2
(1− z) [(1− z) log(1− z)+ z] , if α = 0.
show that the value of δ is best possible. This completes the proof. 
Corollary 2.1. Let k = 2 and α = 0. Then f ∈ S⋆(p, 0), and it follows, from Theorem 2.1, that F defined by (2.1) belongs to
S⋆(p+ 1, α1) with α1 = 1.294 < 2. This improves a result given in [7].
Theorem 2.2. Let f ∈ A(p) satisfy the following condition:
zf (p)
f (p−1)
∈ Pk(α), 0 ≤ α < 1.
Then
f ∈ Rk(p+ 1, δp), 0 ≤ δp =

δp−1 + 1

< p+ 1,
where δp−1 depends on α, δ0 = δ∗(α) and is obtained by successive applications of Theorem 2.1.
Proof. From the given condition, this implies that f (p−1) ∈ Rk(1, α). Now
zf (p−1)(z)− f (p−2)(z)′ = zf (p)(z),
and, with
F1(z) = f (p−2)(z),
we can write
F1(z) = 2
∫ z
0
f (p−1)(t)dt.
Then, by Theorem 2.1, it follows that F1 = f (p−2) is 2-valent and belongs to Rk(2, δ1), where δ1 = δ(α) = δ∗(α) + 1, and
δ∗(α) is given by (2.2). This implies that
z

f (p−2)
′
f (p−2)
= zf
(p−1)
f (p−2)
∈ Pk(δ1), 0 ≤ δ1 < 2.
Using Theorem 2.1, we note that f (p−3) is 3-valent and
z

f (p−3)
′
f (p−3)
= zf
(p−2)
f (p−3)
∈ Pk(δ2), 0 ≤ δ2(δ1) < 3
and δ1 is defined as in (2.2).
Applying the same method together with mathematical induction, we obtain the desired result that zf
′
f ∈ Pk(δp) and
consequently f ∈ Rk(p+ 1, δp). 
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Theorem 2.3. Let f (p−1) ∈ Vk(p, α), 0 ≤ α < 1. Then f ∈ Rk(p, β), where β = β1(α)+ p− 1, and
β1(α) =

(1− 2α)
2(2−2α)

1− 2(2α−1) , α ≠ 12
1
2 log 2
α = 1
2
.
(2.7)
Proof. Let
g(z) = f
(p−1)(z)
p! = z +
∞−
n=2
bnzn.
Then [
1+ zf
(p−1)
f (p)
]
=
[
1+ zg
′′
g ′
]
∈ Pk(α).
This implies g ∈ Vk(1, α) ≡ Vk(α) and it is shown in [8] that g ∈ Rk(1, β1) ≡ Rk(β1), where β1 = β1(α) is given by (2.7),
and this value is best possible.
Now
zg ′
g
= zf
(p)
f (p−1)
∈ Pk(β1),
and it follows from Theorem 2.1 that zf
′
f ∈ Pk(β1 + p− 1). Thus f ∈ Rk(p, β), with β = β1 + p− 1. 
Applications of Theorem 2.3. (i) For k = 2, p = 1, we have a well-known example that a convex univalent function of
order α is starlike of order β1; see [1,4].
(ii) For k = 2, we have

1+ Re zf (p+1)(z)
f (p)(z)

> α. By using Theorem 2.3, this implies that
Re
zf ′(z)
f (z)
> β1(α)+ p− 1, for z ∈ E,
where β1(α) is given by (2.7). This result has been proved in [5].
(iii) For p = 1, it follows from Theorem 2.3 that f ∈ Vk(α) is in Rk(β1), where β1 is given by (2.7); see [8].
Remark 2.3. We note that if f (p−1) is a p-valent function of bounded boundary rotation of order α, then f is of bounded
radius of order β1, where β1 is given by (2.7).
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